For the study of nonlinear stability of a dynamical system, normalized Hamiltonian of the system is very important to discuss the dynamics in the vicinity of invariant objects. In general, it represents a nonlinear approximation to the dynamics, which is very helpful to obtain the information about realistic solution of the problem. Present paper reflects about normalization of the Hamiltonian and analysis of nonlinear stability in non-resonance case, in the Chermnykh-like problem under the influence of perturbations in the form of radiation pressure, oblateness, and a disc. To describe nonlinear stability, initially, quadratic part of the Hamiltonian is normalized in the neighborhood of triangular equilibrium point and then higher order normalization is performed. Due to the presence of perturbations and a tedious huge algebraic computation for intermediate terms, we have computed only up to the fourth order normalized Hamiltonian using Lie transforms. In non-resonance case, nonlinear stability of the system is discussed with the help of Arnold-Moser theorem. Again, the effects of radiation pressure, oblateness and presence of the disc are analyzed, separately and it is observed that in the absence as well as presence of perturbation parameters, triangular equilibrium point is unstable in nonlinear sense within the stability range 0 < µ < µ 1 =μ c due to failure of Arnold-Moser theorem. However, perturbation parameters affect the values of µ at which D 4 = 0, significantly. This study may help to analyze more generalized cases of the problem in the presence of some other types of perturbations such as P-R drag and solar wind drag. The results are limited to the regular symmetric disc but in future it can be extended.
Introduction
Study of stability property of a dynamical system is a necessary step which brings not only the system to tackle many realistic problems of the world but also helps to understand the motion of test particle for a long time of evolution. The stability of the system for a long time of evolution is an important and critical issue and hence, a number of researchers are studying the Hamiltonian system of the problem in the vicinity of elliptic equilibrium point in many fields such as mathematical physics, dynamical astronomy, astronomy, celestial mechanics etc.
Many researchers (Deprit and Deprit-Bartholome 1967; Markeev and Sokolskii 1977; Mayer and Schmidt 1986; Coppola and Rand 1989; Goździewski 1998; Jorba 1999 ) have studied restricted problem of three bodies in the context of stability in classical cases and some of the researchers (Bhatnagar and Hallan 1983; Markellos et al 1996; Ishwar 1997 ; Subba Rao and Krishan Sharm 1 1997; Kushvah et al 2007; Alvarez-Ramírez et al 2012) have discussed the stability for generalized cases. However, a very little attention has been given to the problem with the effect of perturbations such as radiation pressure, oblateness, drag forces, and presence of a disc like structure in the problem. In the present paper, we consider Chermnykh-like problem under the influence of perturbations in the form of radiation pressure, oblateness and presence of a disc, which is rotating about common center of mass of the system. Chermnykh-like problem is a result of some modification in original Chermnykh's problem which consists with the motion of a point mass in a plane under the influence of gravitational effect of a uniformly rotating dumb-bell and it was first time studied by Chermnykh (1987) . This problem has a number of applications in different areas such as celestial mechanics, dynamical astronomy, extra solar planetary system and chemistry (Goździewski and Maciejewski 1999; Rivera and Lissauer 2000; Jiang and Ip 2001; Jiang and Yeh 2004a,b) . The different aspects of the problem such as existence of equilibrium points, stability analysis in resonance and nonresonance cases, computation of orbits, Lyapunov characteristic exponent of trajectories etc. have been studied by many authors (Goździewski 1998; Goździewski and Maciejewski 1999; Goździewski 2003; Papadakis 2005a,b; Jiang and Yeh 2006; Yeh and Jiang 2006; Kushvah 2008; Kushvah et al 2012; Kishor and Kushvah 2013b) . Gabern et al (2005) studied KAM stability of Trojan asteroid under the frame of planar restricted three body problem and Benettin et al (1998) described condition of the applicability of the Nekhoroshev stability theorem. Moreover, nonlinear stability of Trojan asteroid in the sense of Nekhoroshev stability has described by many researcher (Littlewood 1959b,a; Giorgilli and Skokos 1997; Efthymiopoulos and Sándor 2005; Lhotka et al 2008) . In the present paper, we are interested to discuss nonlinear stability of triangular equilibrium point in non-resonance case under the influence of perturbations in the form of radiation pressure, oblateness and the disc with the help of Arnold-Moser theorem (Mayer and Schmidt 1986; Goździewski 1998) .
In order to discuss, nonlinear stability of triangular equilibrium point in non-resonance case with the help of Arnold-Moser theorem, we obtain normal forms of the Hamiltonian of the system up to a finite order, which are very important to discuss the dynamics in the neighborhood of invariant objects. Several researchers (Poincaré 1881 (Poincaré , 1885 Brikhoff 1927; Deprit 1969b; Takens 1973b,a; Ushiki 1982 Ushiki , 1984 Jorba 1999; Coppola and Rand 1989) have described the different normalization processes and also, they have utilized the normalized Hamiltonian to analyze the nonlinear stability of the dynamical system. The main idea behind the normal form is to construct a suitable transformation of phase space which yields the simplest form up to a certain order of accuracy of a given system of differential equations. In short, it can be used to approximate the dynamics and hence, study of real world problems. There are several approaches (Brikhoff 1927; Deprit 1969a; Takens 1973b,a; Dragt and Finn 1976; Ushiki 1984) to find the transformation equations to reduce the Hamiltonian into simplest form. We have performed the normalization of Hamiltonian of the system up to fourth order by the method of Lie transforms which are described well in Jorba (1999) and Coppola and Rand (1989) .
The paper is organized as follows: Section-2 described the formulation of problem whereas, diagonalization of the Hamiltonian is discussed in detail under Section-3. Section-4 is devoted to nonlinear stability in non-resonance case by the use of Arnold-Moser theorem, whereas Subsection-4.1 contains computation of coefficients of the normalized Hamiltonian up to order four on the basis of Lie transform. Finally, the results are concluded in Section-5. Algebraic as well as numerical computation has been performed with the help of Mathematica R Wolfram (2003) software package.
Formulation of the problem
Mathematical formulation of the problem is similar to Kushvah et al (2012) whereas, for self sufficient paper it is as follows. We consider the motion of infinitesimal mass under the influence of gravitational field of massive bodies (also known as primaries, here bigger primary is taken as radiating body and smaller is an oblate spheroid) and perturbations in the form of radiation pressure of bigger primary, oblateness of smaller primary and a disc, which is rotating about the common cen-ter of mass of the system having power-law density profile ρ(r) = c r p , where p ∈ N (here, we have taken p = 3) and c is a constant which depends on total mass of the disc. It is assumed that the effect of infinitesimal mass on the motions of both the primaries as well as of the disc, is negligible. The proposed model can be realize by considering, a disc about the common center of mass of Sun-Planet system and an infinitesimal body such as spacecraft or satellite moves under the influence of celestial forces. Units of mass and distance are taken as the sum of masses of the primaries and separation between them, respectively whereas, unit of time is taken as time period of rotating frame.
Under these assumption, Hamiltonian function of the Chermnykh-like problem in the presence of radiation pressure, oblateness and the disc, in the phase coordinate (x, y, p x , p y ), is written as (Kishor and Kushvah 2013b) :
where p x =ẋ − ny and p y =ẏ + nx are momenta coordinate. Last term on the right side is due to presence of the disc. Mean motion of the system is given as:
where mass reduction factor q 1 = (1 − Fp Fg ) (Ragos and Zagouras 1993) with F p and F g as the radiation pressure and gravitational attraction forces respectively (here, 0 < q 1 < 1 because in solar planetary system for radiating body as the Sun, (McCuskey 1963) , with R e and R p be the equatorial and polar radii of the oblate body, respectively and R is the separation between both the primaries (here, 0 < A 2 < 1 for oblate body but for prolate body −1 < A 2 < 0); f b (r) is the gravitational force due to the disc which is given as (Kushvah et al 2012) 
where a, b are inner and outer radii respectively, of the radially symmetric disc (here, the dimension of the disc is taken in such a way that disc width b − a < 0.3 whereas, thickness of the disc is h = 10 −4
and constant c = 1910.83). µ = mJ MS +mJ be the mass parameter in the Sun-Jupiter system (M S and m J are masses of the Sun and the Jupiter, respectively).
The coordinates of triangular equilibrium points of the problem are given as (Kushvah et al 2012) :
are small quantities.
Diagonalization of Hamiltonian
For the simplicity and to over come the expression computation's complexity, we have considered only linear order terms in perturbing parameters through the computations in the paper. Therefore, before diagonalization of the Hamiltonian, we obtain mean motion and hence, triangular equilibrium points L 4,5 (x e , y e ) as a linear function of parameters µ, q 1 , A 2 and b. Since, q 1 < 1, A 2 < 1 and b > 1 so, we have supposed that q 1 = 1 − ǫ 1 and b = 1 + ǫ 2 , 0 < ǫ 1 , ǫ 2 ≪ 1. First, we have expanded mean motion (n) and then coordinates of triangular equilibrium points 3 (x e , y e ) about µ = 0, ǫ 1 = 0, A 2 = 0 and ǫ 2 = 0, respectively and finally, taking linear order terms of µ, ǫ 1 , A 2 and ǫ 2 , we get
where '+ ′ sign corresponds to L 4 point and '− ′ for L 5 . We have discussed the stability of L 4 point whereas, dynamics of L 5 is similar to that of L 4 . For the convenience, we shift the origin at equilibrium point L 4 using simple translation.
Applying this change of variable to the Hamiltonian (1), we obtain
Expanding the resulting Hamiltonian in Taylor series about origin (which is actually the triangular equilibrium point), as follows
where
Since, origin is an equilibrium point therefore, first order term H 1 must vanish whereas, constant term H 0 drop out because it is irrelevant to the dynamics. The quadratic term H 2 , is useful for higher order normal forms, around the triangular point L 4 , and given as
where coefficients P, Q and S are given as
Since, we are dealing the problem in the presence of three type of perturbations in the form of radiation pressure, obletness and the disc, therefore, for simplicity, coefficients H jkls in equation (14) are splitted into four parts such as g jkls , g jklse1 , g jklsA and g jklse2 , which correspond to the terms due to classical case (i.e. absence of perturbations), radiation effects ǫ 1 , oblateness A 2 and presence of the disc ǫ 2 , respectively. In other words,
where g jkls represents coefficients for classical part, g jklse1 indicates coefficients for radiation pressure terms, g jklsA used for oblateness and g jklse2 corresponds to the disc with j, k, l, s = 0, 1, 2, 3, 4 such that j + k + l + s = 4. However, in the absence of perturbations i.e. when A 2 = ǫ 1 = ǫ 2 = 0 then H jkls = g jkls , which is equivalent to the coefficients of the Hamiltonian in classical case. Since, Hamilton's equations of motion of the infinitesimal mass are written as
and
The characteristic equation of the monodromy matrix M is
From equation (25), it can be easily obtained that system (22) is stable, if the mass parameter µ satisfy the condition 0 < µ <μ c , whereμ c is the Routh value of the mass ratio of the problem (Kishor and Kushvah 2013a) . Since, we are studying the same case 0 < µ <μ c so, it is assumed that four roots of characteristic equation (25) are purely imaginary say, λ 1,2 = ±iω 1 and λ 3,4 = ±iω 2 . As, the real values of ω 1,2 are frequencies of the linear oscillations of the infinitesimal mass at the equilibrium point L 4 and it is obvious that they differ for the stability region 0 < µ <μ c . Now, our aim is to obtain a real symplectic change of variable due to which one can find the real diagonalize Hamiltonian from (15). For that, first step is to obtain the characteristic vectors of the matrix M corresponding to the characteristic roots. If we denote the matrix M − λI 4 by M λ (Jorba 1999) , then
and I 2 is identity matrix of 2 × 2. Since, λ is a root of the matrix M and hence, the kernel of M λ is obtained by solving the system
From above equations, we have
which gives either
If we take first set (32) of x * and y * , then final symplectic matrix is similar to that of Jorba (1999) , whereas if we use second set (33) of x * and y * , results agree with that of Deprit and Deprit-Bartholome (1967) and Mayer and Schmidt (1986) .
Here, we use second set (33) ofx * and y * to proceed further. Putting, these x * and y * into equation (30), we get
Thus, from the equations (33-35), the characteristic vector of the matrix M is given as
5 Since, the characteristic roots of the matrix are pure imaginary and given as λ = iω, ω ∈ R, which can be obtained with the help of equation
which provide λ 1,2 = ±iω 1 and λ 3,4 = ±iω 2 . The frequencies ω 1,2 in terms of ǫ 1 , A 2 , ǫ 2 and µ, are obtained with the help of equations (8), (16-18) and (37) under linear approximation of ǫ 1 , A 2 , ǫ 2 , and these are given as
Again, if we put λ = iω into characteristic vector (36) and then separating real and imaginary parts, say u and v, of resulting characteristic vectors, then we obtain
Now, consider the required symplectic change of phase variable is given by the matrix C = (v 1 , v 2 , u 1 , u 2 ), where u j , v j , j = 1, 2 represent the values of u, v correspond to frequencies ω j , j = 1, 2, respectively. Thus, it is obvious the symplectic change satisfy the property
and simplifying, we obtain
Since, in order to satisfy the symplectic property, d(ω) should be one, if it is not then we need to scale the columns of C by the quantity d(ω j ), j = 1, 2 i.e.
Now, this matrix is symplectic but, we require real symplectic change, so it is necessary to take d(ω j ) > 0, j = 1, 2 which is possible when we take ω 1 > 0 and ω 2 < 0. Thus, the transformation obtained is real and symplectic and gives diagonalize form of the Hamiltonian (15) as
In order to solve homological equations (Jorba 1999) , which determine the generating function, in an easier way, we have to change the normalized Hamiltonian (48) into complex normal form with the help of an other symplectic change of variable, which are given as follows:
Thus, if we express the Hamiltonian (48) in eigen coordinates (49-50), we obtain normal form of H 2 i.e.
The above complexification gives the final change used in this article as follows
where d(ω 1,2 ) are obtain from equation (47). If we ignore the perturbations A 2 , ǫ 1 and ǫ 2 then above symplectic change agree with that of Deprit and Deprit-Bartholome (1967) and Mayer and Schmidt (1986) .
Nonlinear Stability of Triangular Point in Non-resonance Case
To study the nonlinear stability of the equilibrium points, there are two cases: (i) resonance case and (ii) non-resonance case. Nonlinear stability in resonance case would be discussed with the help of theorems of Sokolsky (1974), Markeev (1978) and Grebenikov (1986) as in Goździewski (1998) whereas, in later case it is studied with the help of Arnold-Moser theorem. Here, authors are interested only to examine the nonlinear stability in non-resonance case by the use of Arnold-Moser theorem under the influence of perturbations. The general form of the theorem is presented in Appendix (A.1.) as in Mayer and Schmidt (1986) ; Meyer and Offin (2017) however, for self sufficient paper, authors have described the theorem in their own notations as follows:
Consider the Hamiltonian expressed in actionangle variables (I 1 , I 2 , φ 1 , φ 2 ) as
where K 2r are homogeneous polynomials in action variables I 1 , I 2 , of degree r, K 2n+1 are polynomials containing terms of higher order than n and
where K 2020 K 1111 , K 0202 are constants. Since, K 2 , K 4 , . . . , K 2n are function of only action variables I 1 , I 2 , so, the Hamiltonian is assumed to be in Birkhoff's normal form up to terms of degree 2n which can be obtained with few non-resonance assumptions on the frequencies ω 1 and ω 2 , but in order to state the theorem, assume that K is in the required form. Now, Arnold-Moser theorem stated as:
Theorem 4.1 (Arnold-Moser) The origin is stable for the system whose Hamiltonian is (53) provided for some r, 1 ≤ r ≤ n, D 2r = K 2r (ω 2 , ω 1 ) = 0 or equivalently provided K 2 does not divide K 2r .
Since, Arnold-Moser theorem requires Birkhoff's normal form of the Hamiltonian and Birkhoff's normal form requires some non-resonance assumptions on the frequencies ω 1 and ω 2 , which is described as follows (Deprit and Deprit-Bartholome 1967) . Suppose, ω 1 and ω 2 are frequencies in case of linear dynamics of the infinitesimal mass, and n is an integer such that n ≥ 2, then
for all l 1 , l 2 ∈ Z such that |l 1 | + |l 2 | ≤ 2n known as irrationality condition. This condition ensures that there is an analytic symplectic normalizing transformation such that the Hamiltonian (13) takes the form (53). Coefficients in the normalized Hamiltonian are independent on the integer n and also independent to the manner of transformation is obtained. In particular, the determinant
is an invariant of the Hamiltonian (56) with respect to the symplectic transformation used. Arnold-Moser theorem decides the stability of equilibrium points under these two conditions.
Here, we are interested to implement this procedure to the problem in question for n = 2. That is, we have to compute Birkhoff's normal form of Hamiltonian (13) up to degree 2 in action variables and then analyze the quantity D 4 with respect to the perturbations in question.
Birkhoff 's Normal Form
In order to apply Arnold-Moser theorem, we have to compute Brikhoff's normal form up to 4th order normal form of the Hamiltonian in the vicinity of equilibrium point which will be the function of action-angle variables (I 1 , I 2 , φ 1 , φ 2 ). To obtain the Brikhoff's normal form, we have used Lie transform described in Coppola and Rand (1989) and Jorba (1999) . Since, higher order normalized Hamiltonian is given as (Coppola and Rand 1989) :
is known as Kamiltonian. Now, the quadratic part of n-th order normal form K n is K 2 = H 2 . At the n th step of the Lie transform method, Kamiltonian K n is obtained by the expression
Now, to determine the generating function W n , which provides the best simplified form of Kamiltonian K n , first we determine the Lie bracket {H 2 , W n } with H 2 from equation (51) as follows
We need W n such that results of this partial linear differential operator on W n remove out as many terms as possible in the expression of Kamiltonian K n . It is clear from the expression of K n that each term to be canceled will be of the form
, where P 0 is constant. Let us take, W n as the sum of terms of the form
, where Q 0 is an undetermined constant and hence, we get
which gives
Now, from equation (61), it is clear that above scheme fails if denominator vanishes. If we assume that frequencies ω 1,2 are non-resonant then denominator will vanish only in case of l = j and s = k. In other words, in the expression of K n , the terms of the type (
can not be removed. Hence, in case of non-resonance, the problem always can be reduced to the form of (56), where
Thus, in case of non-resonance, normalized (transformed) Hamiltonian is a function of only action variables, I 1 = iXP X and I 2 = iY P Y and hence, both the coordinates are ignorable which infer that system is consistent and system is said to be in Brikhoff's normal form. Now, in term of action variable I 1 , I 2 , 4th order part of normalized Hamiltonian is written as
On the other hand, in case of resonant values of frequencies ω 1,2 , some additional non-removable terms occur while solving the generating function W n . For simplicity, coefficients K jkls in equation (65) are split-up into four parts such as k jkls , k jklse1 , k jklsA and k jklse2 , j, k, l, s = 0, 1, 2, 3, 4 such that j + k + l + s = 4. These coefficients correspond to the terms due to classical case, radiation effects ǫ 1 , oblateness A 2 and presence of the disc ǫ 2 , respectively. In other words
where k jkls represents coefficients for classical part, k jklse1 indicates coefficients for radiation pressure terms, k jklsA used for oblateness and k jklse2 for the disc with j, k, l, s = 0, 1, 2, 3, 4 such that j + k + l + s = 4. But, in the absence of perturbations i.e. A 2 = ǫ 1 = ǫ 2 = 0, K jkls = k jkls , which are equivalent to the coefficients of the normalized Hamiltonian of the classical problem. Further, due to very large expressions of all the coefficients k jkls , k jklse1 , k jklsA and k jklse2 with j, k, l, s = 0, 1, 2, 3, 4 such that j + k + l + s = 4, in equations (66-68), these are given in Appendix A.2. As, we have the fourth order normalized Hamiltonian given in equation (65), so, we have computed the determinant D 4 to use Arnold-Moser theorem which will decide nonlinear stability of the triangular equilibrium point in non-resonance case. In our case, we found D 4 as: (69) and after a tedious simplification at several stages, we get
where 
G 5 = 341649252 − 2463280353ω 
From the expression (70) of D 4 , it can be easily seen that if perturbations are ignored then it coincides with that of Deprit and Deprit-Bartholome (1967) ; Coppola and Rand (1989) ; Shevchenko (2008) and Alvarez-Ramírez et al (2012) . To see the effect of perturbations on the nonlinear stability, we plot the expression of D 4 against mass ratio µ at different values of perturbations, individually as well as simultaneously ( Fig. 1-4) , in the stability region 0 < µ < µ 1 =μ c . From figure  (1a) , it is seen that there is only one zero of D 4 at µ 0 = 0.01095 whereas, µ κ , κ = 1, 2, 3 indicate the values of mass ratio under three main resonance cases of linear stability (Kishor and Kushvah 2013a) , which change their values with respect to the values of ǫ 1 , A 2 , ǫ 2 (Fig. 1 a-e) . Thus, ArnoldMoser theorem infer that the triangular equilibrium point L 4 is stable in the interval 0 < µ < µ 1 except at µ 0 = 0.01095, in addition to the values µ κ , κ = 1, 2, 3 for three main resonance cases of linear stability. This result is similar to that of Deprit and Deprit-Bartholome (1967) in the absence of perturbations. The presence of radiation pressure (Fig. 1 b) as well as oblateness (Fig. 1  c) cause the theorem fail at µ ǫ1 = 0.03795 and µ A2 = 0.02297, respectively. The effect of disc seen only at very small values of ǫ 2 (Fig. 1 d) and the value of µ at which D 4 vanishes is 0.03678 (Fig. 1 d) whereas, at larger value of ǫ 2 , it is beyond the stability range 0 < µ < µ 1 . If, we analyze, by taking two perturbations at a time such as (ǫ 1 , A 2 ), (ǫ 1 , ǫ 2 ) and (A 2 , ǫ 2 ) then zeros of D 4 i.e. the value of mass ratio µ at which D 4 vanish, are obtained as 0.03486, 0.03474 and 0.01978, respectively. If all the perturbations taken at a time then the value of the mass ratio is µ ǫ1,A2,ǫ2 = 0.03155 at which theorem fails. Thus, the triangular equilibrium point within the stability range, in the absence as well as presence of perturbation parameters, is unstable due to failure of Arnold-Moser theorem. In order to see the effect of perturbation, we have drawn the figures (2-4) by varying individual parameter taking remaining two of them zero. From, figure (2), critical value µ ǫ1 increases with the increment in the value of ǫ 1 . The critical values µ ǫ1 corresponding to the curve I, II and III lie within the stability range whereas for curve IV and V, it is beyond the stability range (see Table-1) . From figure (3a,b) and Table- 1, it is clear that the critical value µ A2 decreasing with the increment in the value of A 2 (also, see Table-1) . Figure (4a,b) shows that there are three critical value µ ǫ2 at ǫ 2 = 0.001 but for other values it reduces to one. It is also, clear that value of µ ǫ2 decreasing slowly with increment in the value of ǫ 2 , but when, value of ǫ 2 increases after 0.009, the value of critical µ ǫ2 go beyond the corresponding stability range (Table-1 ).
Conclusion
The analysis of nonlinear stability of triangular equilibrium point in the Chermnykh-like problem under the influence of perturbations have been preformed for non-resonance case. The diagonalization and higher order normalization of Hamiltonian of the problem are made by the method of Lie transform under the influence of perturbations in the form of radiation pressure force, oblateness and the disc. Due to perturbations, transformation equations take a complicated form but in the absence of perturbations these equations agree with the classical results. Next, we have analyzed nonlinear stability with the help of Arnold-Moser theorem. After a huge and tedious computation at several intermediate steps, we have obtained determinant D 4 in the presence of perturbations which is agree with that of Deprit and Deprit-Bartholome (1967) ; Mayer and Schmidt (1986) ; Coppola and Rand (1989) and Shevchenko (2008) under the vanishing condition of perturbations. Due to Arnold-Moser theorem, it is found that under the influence of perturbations, the motion of infinitesimal mass in the vicinity of triangular equilibrium point get affected. In other words, in classical case, triangular equilibrium point is stable within the stability range 0 < µ < µ 1 = 0.03852 except for the value of µ 2 , µ 3 and µ 0 = 0.01095 at which D 4 vanishes and hence, Arnold-Moser theorem fails there. But under the effect of radiation pressure and oblateness, nonlinear stability of the triangular equilibrium point fail at µ ǫ1 = 0.03795 and µ A2 = 0.02297 due to the same reason whereas, in the presence of all three perturbations, it fails at µ ǫ1,A2,ǫ2 = 0.03155. The effect of disc is seen either at very small values of disc outer radius or very large values of disc outer radius. It is observed that for small values of disc outer radius, theorem fails at µ ǫ2 = 0.03678, whereas for large value of disc outer radius, effect is beyond the stability range 0 < µ < µ 1 . Moreover, in case of taking two perturbations at a time such as (ǫ 1 , A 2 ), (ǫ 1 , ǫ 2 ) and (A 2 , ǫ 2 ), the zeros of D 4 are 0.03486, 0.03474 and 0.01978, respectively. The nature of variation in the value of critical mass µ at which the value of D 4 = 0 at different values of individual perturbation parameters is observed and significant variation are found. The critical value µ ǫ1 first, increases with the increment in the value of ǫ 1 , and then this value go beyond the stability range (see figure 2 and Table-1) . Again, the critical value µ A2 decreasing with the increment in the value of A 2 (see figure 3a,b and Table-1) . There are three critical value µ ǫ2 at ǫ 2 = 0.001 Figure (4a,b) but for other values it reduces to one. It is also, clear that value of µ ǫ2 decreasing slowly with increment in the value of ǫ 2 , but for larger values of ǫ 2 , µ ǫ2 do not lie in the corresponding stability range (Table-1) . The results, which are obtained, are very helpful to observe the motion of infinitesimal mass such as spacecraft, asteroid or satellite in the Sun-Jupiter system. The present study and observations are applicable to the analysis of more generalized problems and would be extended up to higher order in addition with some other type of perturbations like P-R drag, solar wind drag. On the other hand results are limited up to radially symmetric disc but in future it would be extended. Consider a Hamiltonian, which is the function of canonical coordinates x i , y i , i = 1, 2, expressed as
where 1. H is real analytic in the a neighborhood of the origin in R 4 ;
2.
H * has a series expansion which starts with terms at least of order 2n + 1;
4. H 2 = ω 1 I 1 − ω 2 I 2 with ω i , i = 1, 2 positive constants;
There are several implicit assumptions in stating that Hamiltonian H in the form of (A1). As, H is at least quadratic in canonical coordinates x i , y i , i = 1, 2, the origin is assumed to be the equilibrium point in question. Again, H 2 = ω 1 I 1 − ω 2 I 2 is the Hamiltonian of two harmonic oscillators with frequency ω 1 and ω 2 , the linearization at the origin of the system of equations whose Hamiltonian is H, is two harmonic oscillators. Since, H 2 is not sign definite, a simple appeal to stability theorem of Lyapunov can not be made. Again, H 2 , H 4 , . . . , H 2n are function of only I i = 1 2 (x i + y i ), i = 1, 2, the Hamiltonian is assumed to be in Birkhoff's normal form up to terms of degree 2n. The Birkhoff's normal form usually requires some non-resonance assumptions on the frequencies ω 1 and ω 2 , but in order to state the theorem, assume that H is in the required form.
Theorem A.1 (Arnold-Moser) The origin is stable for the system whose Hamiltonian is (A1) provided for some k, 2 ≤ k ≤ n, D 2k = H 2k (ω 2 , ω 1 ) = 0 or equivalently provided H 2 does not divide H 2k . 
A.2. Coefficient in K
k 0202e1 = 1 ω 1 (ω 1 − 2ω 2 ) ω 2 (ω 1 + 2ω 2 ) −3ig 0102e1 g 0201 ω This 2-column preprint was prepared with the AAS L A T E X macros v5.2.
